Production of the doubly heavy-flavored hadrons (Bc meson, doubly heavy baryons Ξcc, Ξ bc , Ξ bb , their excited states and antiparticles of them as well) at e + e − colliders is investigated under two different approaches: LO (leading order QCD complete calculation) and LL (leading logarithm fragmentation calculation). The results for the production obtained by the approaches LO and LL, including the angle distributions of the produced hadrons with unpolarized and polarized incoming beams, the behaviors on the energy fraction of the produced doubly heavy hadron and comparisons between the two approaches' results, are presented in terms of tables and figures. Thus characteristics of the production and uncertainties of the approaches are shown precisely, and it is concluded that only if the colliders run at the eneries around Z-pole (which may be called as Z-factories) and additionally the luminosity of the colliders is as high as possible then to study the doubly heavy hadrons thoroughly is accessible.
I. INTRODUCTION
Studies of the production and decays of the doubly heavy flavored hadrons (B c meson and the baryons Ξ cc , Ξ bc , Ξ bb etc and their excited states as well as their antiparticle) might be called as 'doubly heavy flavored physics'. It is interesting because the concerned hadrons carry two heavy flavors explicitly and their components move non-relativistically inside the hadrons, so the 'heavy nature' makes perturbative QCD (pQCD) applicable in certain aspects for theoretical predictions, and through their decays one can study the decays of the heavy flavors inside them etc.
Of them, B c meson, the unique doubly heavy flavored meson in standard model (SM), was firstly observed in 1998 by CDF collaboration [1] , although the observation was confirmed quite soon by themselves and several other experimental groups such as D0, LHCb and CMS [2] [3] [4] ; whereas of the doubly heavy baryons, only Ξ cc 1 was reported to be observed in a fixed target experiment by SE-LEX collaboration [5] [6] [7] , but the SELEX observation has not been confirmed so far, and there is no experimental report on Ξ bc and Ξ bb at all. The fact shows that experimentally to observe (discovery) the doubly heavy flavor hadrons is a very tough job. The difficulties for experimental observing the double heavy hadrons come from two-fold: smallness of the production cross-sections 2 and * e-mail:zhengxc@itp.ac.cn † e-mail:zhangzx@itp.ac.cn 1 Throughout the paper, Ξcc denotes Ξ bb . 2 The smallness of the production cross-sections causes that to observe the doubly heavy hadrons, including Bc meson, is accessible now only at high energy hadronic colliders Tevatron and experimental capabilities in rejecting the backgrounds.
Generally, at a hadronic collider, such as Tevatron or LHC, the production of doubly heavy flavored hadrons is through collision of partons inside the colliding hadrons, so the momentum longitudinal components (p ) of the products in the production and followed decays do not contain useful information, because the center mass system of the colliding partons cannot be well-determined experimentally, so the measured longitudinal component of the momentum of a produced particle always is a combination of the ones of the products in the center mass system and the one of the center mass system itself of the colliding partons. Therefore only perpendicular momenta (p ⊥ ) of the products have substantial meaning (contain useful information). Moreover, in a hadron collision more hadrons, which are not relevant to the concerned parton collision, are produced too, so cause various backgrounds i.e. the environment of the experimental observation is not very clean, thus to make any progress in experimental studies of doubly heavy flavored physics at the environment is comparatively hard. In contrary, the advantages to observe the doubly heavy hadrons in an e + e − collider, besides in rejecting the experimental backgrounds, the colliding energy of incoming e + , e − is controlled so the longitudinal and perpendicular components, i.e. full momentum, of the produced doubly heavy hadron have substantial meaning well, so the angular distributions of the product too. Thus in this paper we focus the lights on the production of the doubly heavy hadrons in e + e − colliders and especially attentions to those ones which run at energies around Z-pole (sometimes they are called as Z-factories). Note that in reference [8] the LHC. authors considered the production of B c meson etc in an e + e − collider too, but they computed only the p ⊥ etc. Considering the importance of the characteristics, such as angular distributions etc, of the production, thus here we re-calculate the production and investigate the production under various approaches to implement the defaults of Ref. [8] .
Based on NRQCD [9] , the production of the doubly heavy hadrons can be estimated quite reliable in term of the factorization into two factors: the involved heavy quark production which is calculable in perturbative QCD, and the relevant matrix elements which is non-perturbative and to describe the possibility of the produced heavy quarks binding into the doubly heavy hadron. The feature, that the doubly heavy hadrons contain a couple of heavy quarks, and as a core inside the doubly heavy hadrons steadily, may be confirmed in terms of comparisons with available experimental data [10] . Only when the doubly heavy hadrons are produced numerously enough, the experimental studies of them may be put into practice. Therefore the theoretical estimates of the production are needed when starting to observe them. Indeed, even theoretical Monte Carlo event generator for the production is available in advance of the experimental observations of B c meson at Tevatron and LHC.
As well-known, when an e + e − collider runs at the energy of Z-pole, owing to quite strong resonance effects, the production cross-sections are quite enhanced [11] , although the production of the meson B c is not enhanced enough, and it was not observed at LEP-I [12] . Now several e + e − colliders with a very high luminosity, such as ILC, FCC-ee, CEPC and Super Z-factory, are under consideration, and it is planned to run around Z-pole energies for a period at least with a luminosity so greater than LEP-I's by 3 − 4 magnitude orders. Thus to reexamine the production of the doubly heavy flavored hadrons and the characteristics, especially running at Zpole, is freshly interesting. In the present paper we shall estimate the production quantitatively to see the capability in studying the doubly heavy flavored hadrons at e + e − colliders, and the uncertainties of the theoretical estimation by comparing the results obtained by the LO and LL approaches precisely.
There is a symmetry between hadrons and antihadrons for the production, so the obtained results for the production of B c meson, its excited states and doubly heavy baryons are also applicable in the case for their anti-particles. This paper is organised as follows: In Section II, we present the approaches to compute the doubly heavy hadron production at e + e − colliders. In Section III, we show the numerical results and give a detailed discussion of the results. Section IV is reserved for discussions and summary.
II. THE APPROACHES FOR THE PRODUCTION
At leading order, the production of B c meson (its excited states) and doubly heavy baryons may be computed by two approaches: the so-called QCD complete one (LO) and the fragmentation one (LL). Let us apply them to the production and make some comparisons so as to learn some uncertainties in the estimation of the production. Firstly we estimate the production by the so-called QCD complete calculation approach, because from the approach we may extract out the relevant fragmentation functions from an anti-b-quark to B c meson and from a c-quark to B c meson, which are requested for fragmentation approach.
A. The production of Bc meson and its excited states under the complete QCD approach
The QCD complete calculation for the production of the meson B c at a Z-factory is that within the framework of NRQCD [9] , the process e + + e − → B c + b +c as the production can be factorized into a diquark production of (cb)[n] i.e. e + + e − → (cb)[n] + b +c, and a relevant nonperturbative matrix element O H (n) as that in Eq.(1), where (cb)[n] denotes the diquark with suitable quantum numbers. Then the cross-section for B c production is follows:
where the nonperturbative matrix element O H (n) (here H ≡ B c ) represents the transition probability from the diquark state (cb) [n] 3 , is considered here. Moreover, the matrix element can directly relate to the S-wave wave function at origin for B c meson, and the derivative of the wave function at origin for its P-wave excited states etc under potential framework, and the wave function itself and its derivative at origin can be calculated via potential model [13] [14] [15] [16] [17] [18] .
It is easy to check that, of the Feynman diagrams  FIG.1 responsible for the production, the first two (a) and (b) are gauge invariant, and the rest two (c) and (d) are also gauge invariant. Thus it makes sense to separate the contributions from (a) and (b), and from (c) and (d) accordingly. Furthermore, based on calculations of the contributions from all of the four diagrams, and the contributions from the two subgroup diagrams mentioned here, one may pick out the contribution from interference of the two subgroup. In fact, the fragmentation function from an anti-b-quark to B c meson or its excited states is extracted from the contributions of the subgroup diagrams (a) and (b), and the fragmentation function from an c-quark to B c meson or its excited states is extracted from the contributions of the subgroup diagrams (c) and (d).
According to NRQCD, the unpolarized differential cross section dσ(e + + e − → (cb)[n] + b +c), which stands for the short-distance factor, may be written down straightforwardly
where means that the spins in the initial state are averaged over, and the spins and colors in final state are summed over. The three-body phase space for the final state can be represented as
, is hidden flavored, the color-octet diquark production can gain some enhancement to compare with color-singlet component, so the color-octet component for hidden flavored heavy quarkonium production should be considered, although there is some suppression in forming the relevant quarkonium finally. In contrary to the case of Bc production, the meson Bc, so its relevant diquark, carries flavors explicitly, there is no enhancement effect at all in color octet diquark production, but there still is a strong suppression effect for the color octet diquark to form Bc meson finally. Therefore to leading order calculations we do not consider the case when the diquark in color octet at all. Note that according to the 'scale rule' [9] , if the diquark state is color-octet, to compare with the color-singlet, the relevant matrix element is assumed to be suppressed by v 2 (the squared relative velocity of the diquarks inside the doubly heavy hadron).
The scattering amplitude corresponding to each Feynman diagram for the process e + + e − → (cb)[n] + b +c can be written as:
where
and
For Z 0 -boson propagation diagrams, here κ =
where Q denotes the electric charge of the heavy quark which couples to the virtual photon. A ν , corresponding to the precise spin S and orbit L of the diquak state (cb)[n], are follows:
where ε 
After substituting these projectors into the above amplitudes, then we square the amplitudes, and sum over the final degrees of freedom. For appropriate total angular momentum, we also perform polarization summation properly. We define:
and the summation over the polarization for a spin triplet S-wave state or a spin singlet P-wave state is given by
where J z can be r z or l z for spin and orbit projection respectively. As for the three multiplets 3 P J with J=0, 1 and 2, the summation over the polarizations is given by
Since technically the colliding e + e − beams for a Zfactory can be polarized, so it is interesting to consider the cases. To calculate the polarized cross sections for polarized electron and positron beams, we choose the the helicity states of the initial electron and positron to describe their polarization states, and we can use the projection operators
to project out the polarized cross section. We note that in our calculations, the masses of electron and positron are ignored, so under the approximation and with a gauge The fragmentation approach for the production is based on the perturbative QCD factorization theorem: to calculate the relevant quark-pair production processes e + +e − → b+b and e + +e − → c+c respectively first and then to apply the fragmentation functions for ab-quark to B c meson and for a c-quark to B c meson accordingly to the quark-pair production processes at the factorization energy scale µ properly. Here, more precisely, the fragmentation functions for the production are extracted from a relevant process under QCD complete calculations as the above, then need further to do evolution of them to the factorization energy scale µ.
Namely the inclusive differential cross section can be written as:
where the i represents the mediate partons, i.e. c-quark orb-quark, and z represents the energy fraction of the B c -meson from i-quark, here it can be defined as
and k is the four-momentum of the Z-boson or the photon, µ is the factorization energy-scale. Up-to LO and at the energy scale µ ≃ m Z , the factorization formula reads
here the mediate parton i can be either c-quark or b-quark.
Note that all the large logarithm terms ln(m
2 ), which come from the collinear emissions for high order calculations, also disappear due to the factorization energy scale µ being set to m Z .
The strategy for the fragmentation approach is firstly to extract the fragmentation functions from the process e − + e
c ,··· ) (z, µ 0 ) with µ 0 ≃ m c + 2m b are obtained by the extraction, then to do evolution on them to the fragmentation energy scale µ = m Z , and finally the production we are interested in here is computed out in terms of Eq. (27) . Now let us show how to extract the fragmentation functions from the perturbative calculations and then to do the evolution to the factorization energy scale µ = m Z for application here.
Precisely we only describe the way for extracting the fragmentation function of B c -meson, because extracting the fragmentation functions of the excited states is similar, as long as the different quantum numbers of the diquark (cb)[n] and different matrix element O H (n) are taken into account.
For convenience, we define some kinematic variables as follows: To extract Db →Bc (z, µ 0 ), the differential cross sections and total cross sections of the production e + +e − → b+c+B c at k 2 ≥ 4(m c + m b ) 2 viab-quark production by mediating virtual photon (here k 2 is much smaller than m 2 Z , so the contributions from Z-boson mediation can be ignored) i.e. of diagrams (a) and (b) in FIG.1 only those via virtual photon are needed to be computed precisely 4 . Namely the fragmentation functions Db →Bc (z, µ 0 ) with µ 0 ≃ m b + 2m c is extracted with the process e + + e − → b +c + B c just at the threshold (above a little) as
If d ≪ 1, the double differential cross section of S-wave states can be written approximately as
here σ 0 = σ LO (e + + e − → b +b). As pointed out by the authors of Ref. [19] , owing to d ≪ 1, the terms with positive and larger than -2 power of (1-x) may be ignored, but when x being integrated, a factor 1/d is obtained form each 1/(1 − x) factor, so the terms containing w 0 (z), w 1 (z) and w 2 (z) in Eq.(30) should be kept. The integral bounds of x at a fixed z now can be written as
and the integral over the range of x is performed, so the fragmentation functions are obtained:
(1−r2z) 2 . When the fragmentation functions for P-wave states B * c,J(P ) , i.e. (bc) in P-wave states, are extracted, the relevant double differential cross sections are replaced as
where the coefficients w 0 (z), w 1 (z), w 2 (z), w 3 (z) and w 4 (z) for P-wave states can be computed [19] [20] [21] . Integrating the double differential cross sections over variable x, we obtain
For extracting the fragmentation functions D c→Bc(B * c ,··· ) (z, µ 0 ), the way is similar but the diagrams (c) and (d) instead of the diagrams (a) and (b) in FIG.1 
Having the fragmentation functions, we need to do the needed evolution from µ 0 to the energy scale µ = m Z , where the factorization is made for the concerned production.
The evolution of the fragmentation functions are governed by the DGLAP equation [22] ,
where i and j are all possible partons, but here j = i. For B c (B * c , · · · )-meson production, i can be c-quark or b-quark, and
is the splitting function. Using the approximate method to solve the DGLAP equation [23] , we obtain
where κ = αs(µ 2 ) , it is not the coefficient κ we defined in the amplitudes in Sec.II A, ⊗ is the convolution which is defined as
(40) Thus the fragmentation functions are evolved to the energy scale of m Z with the formulas.
C. The production of doubly heavy baryons
In this subsection we consider the production of the doubly heavy baryons (QQ ′ q), where Q and Q ′ mean heavy quarks c and/or b but q means light quark.
The approach, which we adopt here, for the production is to divide it into two steps. The first step is that a binding diquark < QQ ′ > (Q and Q ′ may b-quark or c-quark) with 'suitable' quantum numbers is produced, precisely < QQ ′ > may be in color anti-triplet or sextuplet, and the second step is that the diquark 'fragments' to a doubly heavy baryon (QQ ′ q) through caching a light quark from 'environment' with a fragmentation probability of almost one hundred percent, i.e. it is implied that the produced doubly heavy diquark always makes a doubly heavy baryon accordingly. Here for the first step, we compute the production of doubly heavy diquarks under the QCD complete approach similar to that of B c meson but the matrix element O Bc (n) should be replaced by a proper one O <QQ ′ > (n) . Namely
We should note here that the energy scale in fragmentation approach is 2m Q + m Q ′ or m Q + 2m Q ′ similar to the case of B c meson.
For the production of < bc >-diquark, there are four Feynman diagrams responsible for it, which are the same as that of B c meson production showed in FIG.1 except the fermion line of the b-quark being reversed. For the production of < cc >-diquark and < bb >-diquark, besides the four diagrams corresponding to those showed in FIG.1 , there are more four diagrams obtained by an interchange of two quark lines of the diquark.
In order to calculate the amplitude of the diquark production, we adopt the method used in Refs. [24, 25] . We reverse one of the fermion lines of the heavy quark through charge conjugate transformation firstly, and then similarly to writing down the amplitude of doubly heavy meson production showed above, we directly write down the requested amplitude for the binding diquark production. Precisely a fermion line appearing in diquark production can be written as,
where s f (k i , m Q ) is the fermion propagator, Γ i is the interaction vertex, m Q is heavy quark mass of the fermion line, and n is the number of the interaction vertices. Using the charge conjugation matrix C = −iγ 2 γ 0 , we can obtain the following transformation,
If the fermion line contains no axial vector vertex, we have
If the fermion line contains an axial vector vertex, then a (-1) factor should be contained. After reversing the heavy qaurk line, we can transform the amplitude of the diquark production to meson production except an additional (−1) (n+1) factor for pure vector case ((−1)
factor for containing an axial vector case). i.e. the amplitude of (bc)[n]-diquark production can be represented as
where M 1 , M 2 , M 3 , M 4 are the amplitude of B c production showed above, and M a i ,M v i are those for the cases containing an axial vector or pure vector cases of M i respectively. As we have mentioned above, for the < cc >-diquark and < bb >-diquark productions there are four more diagrams come from the exchange of the two identical quark line inside the diquark. Since the relative velocity between the two quarks inside the diquark, v, is set to be zero up-to the lowest order non-relativistic approximation, the contributions from additional diagrams are the same as the four diagrams relating to heavy quarkonium production. There is one (1/2!) factor comes from wave function of identical particles in diquark. Thus we only need to calculate the four diagrams, and multiplying the cross section by (2 2 /2!) = 2. According to the decomposition 3 ⊗ 3 =3 ⊕ 6, (bc)[n]-diquark can be in3 or 6 color state. It is known that 'one-gluon exchange' interaction is important inside the diquark, and the interaction inside the diquark in3 state is attractive, but that in 6 state is repulsive, so people believe that the 'binding force' (including the confinement interaction besides one-gluon exchange) in3 is stronger than that in 6, i.e. we have the consequence O
, hence in this paper we will ignore the contributions from the color 6 component.
According to the request of Fermi-Dirac statistics for quarks, the wave functions of the diquark should be totally antisymmetric under exchange of the two quarks inside the diquarks, so for the production of the ground state of the diquaks, < bb > and < cc >, which is concerned here only, the diquark wave function should be S-wave and in color anti-triplet and spin triplet.
The color factor for color anti-triplet diquark production can be represented as follows:
where N = 1/ √ 2 is the normalization constant, ε mnk is the the antisymmetric tensor for the3 state and it is satiesfy ε mnk ε m ′ n ′ k = δ mm ′ δ nn ′ − δ mn ′ δ nm ′ . After squaring we obtain that C 
) is the electromagnetic coupling constant; R S (0) and R ′ P (0) are the ridial wave function of the (B c (B * c , · · · )) and its derivative of the relevant states at origion respectively and taken from potential model [18] .
As for the strong coupling constant, we take α s (m 2 Z ) = 0.1185 [26] as the reference point, and by one loop running coupling we obtain the request values α s (4m For comparison between the complete QCD approach (LO) and the fragmentation approach (LL), the results under the fragmentation approach are put in TABLE.II, where the contributions fromb-quark fragmentation and c-quark fragmentation are showed explicitly. One may see that the results for total cross-sections obtained from the two approaches are consistent each other. This is because that the property 1 0 dzP i→i (z) = 0 leads to non-evolution with µ for 1 0 dzD i→Bc(B * c ,··· ) (z, µ) [20] , so the total cross sections are same as the ones at the initial scale. It is easy to see that the fragmentation contributions dominantly come from theb-quark fragmentation, i.e. the contributions from diagrams (a) and (b) in FIG.1 under the complete QCD calculation. The contributions from c-quark fragmentation are comparatively small and it is due to deeper depress from the gluon propagator in diagrams (c) and (d) than from that in diagrams (a) and (b). The collision energy of initial e + e − may not exactly at Z-pole, so we also show the behave of the cross sections around the Z-pole. We present the cross sections at several collison energies around the Z-pole in TABLE.III, and from it one can see that the cross sections decrease rapidly when the collision energy deviate from m Z . When the collision energy deviate from m Z by 5 GeV, i.e. about twice width of the Z 0 boson, the cross sections depressed by about one order, thus when studying B c and its excited states, sometimes it is crucial to make use of the effects of Z 0 resonance at an e + e − collider. In order to know the characteristic of the production for experimental studying the mesons, we reserve the numerical results for the differential cross sections dσ/d cos θ where θ is the angle between the momenta of the meson in final state and the electron in initial state under complete QCD approach, and present them in FIG.2 . Since the incoming beams for the production may be polarized, so we also compute and present the an- 
An e
+ + e − collider running at energies 180 GeV and 240 GeV (above the threshold of WW and/or ZH production respectively) is very suitable for studying the properties of W-boson and Higgs boson etc, so to see the possibility for experimental studying B c (B * c , · · · ) mesons at the collider at the same time is interesting. Therefore, we also estimate the meson production at the high energies for an e + + e − collider, and put the results in TABLE. IV. The results show that the cross sections are in f b, less than the cross sections at the Z-pole by 3 ∼ 4 order, that means it is hopeless for studying B c (B * c , · · · ) meson at such an e + + e − collider running at the high energies even having so high luminosity as ∼ 10 36 cm −2 s −1 .
B. The production of doubly heavy baryons
To do the numerical calculations on the production of doubly heavy baryons, we adopt the parameters as follows,
which are the smae as Ref. [27] . Note here that for the production of Ξ cc and Ξ bc , the squared momentum transferred Q 2 carried by gluon is adopted as 4m 2 c , whereas for the Ξ bb , it is adopted as 4m σ |(cc) 3 , 3 S1 = 0.52 pb, σ |(bc) 3 , 1 S0 = 0.58 pb, σ |(bc) 3 , 3 S1 = 0.79 pb, σ |(bb) 3 , 3 S1 = 0.04 pb.
For the doubly heavy baryon production, we present the angle distributions (differential cross sections) in FIG.8 too, where the distributions for various channels are labeled precisely. One may see from the figure that the doubly heavy baryon production has certain backward-forward asymmetry too. However, the distributions are different from those of the B c meson production, namely the doubly heavy baryons are mainly concentrated in the direction of the initial electron. One can understand the reason by the fragmentation approach, that the mainly contribution of the B c -meson production comes from the diagrams (a) and (b) in FIG.1, i. e. from the fragmentation ofb-quark. Since the producedb-quark is concentrated in the direction of the initial positron around Z-pole, so there are more B c mesons along the direction of the initial positron. In contrast, the Ξ cc mainly from the fragmentation of c-quark, Ξ bc and Ξ bb from bquark, where b-quarks and c-quarks are mainly along the direction of intial electron around Z-pole. As that above for B c meson production where the polarizations for incoming beams are considered, we also compute and present the angle distributions of Ξ cc , Ξ bc and Ξ bb production in polarizations: e (in the other cases the results are zero) respectively in FIGs.9,10. From them, one can see the difference in magnitude for left-handed electron and right-handed electron easily, and it helps us understand the backward-forward asymmetry in the unpolarized differential cross sections.
In FIGs.11,12,13 the energy fractions of Ξ cc , Ξ bc and Ξ bb obtained by complete QCD calculation (LO) and fragmentation approach (LL) are presented respectively. For the results by fragmentation approach, the scale of the fragmentation functions have been evolved to m Z . For Ξ bc production, the different diquark spin-state contributions are showed respectively in the figure. According to the analysis in B c meson production, for Ξ bc production, the contribtuions from c-quark fragmentation is very small, so we only present the contribtuion from b-quark fragmentation for Ξ bc production. From FIGs.11,12,13 one may see that the production of doubly heavy baryons at low energy fraction (small z) estimated by the fragmentation approach is greater than that by complete QCD approach, this is the same as we have observed in B c meson production.
IV. DISSCUSSIONS AND CONCLUSION
We, under two approaches, estimate the production of mesons B c , its excited states B c (B * c , · · · ) and doubly heavy baryons Ξ cc , Ξ bc , Ξ bb at a Z-factory with especial care on treating essential energy-scales of the production, and the results of the production on the total cross sec- tions are consistent with the results on branching ratios for Z-boson decays to B c and B * c up-to the next leading order (NLO) calculations [28] 6 . Whereas since we calculate the process e + + e − → B c (B * c ) +c + b instead of the Z-boson decays as in Ref. [28] , so we can obtain more properties of the production, such as the asymmetries shown in FIGs.2,8 and the production with polarized incoming beams shown in FIGs.3,4,9,10 besides the momentum fraction (z) distributions shown in FIGs.5,6,7 6 We compare the results on the decay branching ratios because in Ref. [28] only the branching ratios are available. and FIGs.11,12,13 etc. These properties are important in studying the production of the doubly heavy hadrons. When all the experimental data are available, via comparisons of the data with the results obtained by the approaches, one may conclude which approach adopted here is better.
From the estimation here, one may expect that at a Z-factory with a luminosity such as 10 34 cm −2 s −1 about a million of the B c mesons and doubly heavy baryons in ground-state may be produced per year, and when indirect production (to produce the excited states of them first and then by strong or electromagnetic interaction decays to transit to the ground states accordingly) is taken into account, then a few millions of B c mesons and the doubly heavy baryons in ground-state may be produced per year. Considering the fact that the efficiency of detecting the doubly heavy hadrons is quite small 7 and the competition from LHCb etc, one may conclude that studies of the ground states may be OK (margin), but to discovery (to study of) the excited states of the doubly heavy hadrons etc, it would be better when the Z-factory's luminosity is so high as ∼ 10 35−36 cm −2 s −1 . Finally, in summary, several remarkable points on the production are collected as follows: 7 For instance, the main decays channels for experimental detecting Bc meson are Bc → J/Ψl + ν l and Bc → J/Ψπ + etc, whose branch ratios for the decays are predicted to be 1 ∼ 3% and 0.2 ∼ 0.4% [29] , then with cascade decay J/Ψ → l + l − followed, whose branching ratio is about 7%, so the detecting efficiency would be O(10 −2 ) × 0.07 at most. Moreover the lifeimes of the ground doubly-heavy hadrons are 0.1 ∼ O(1) ps, to distinguish them from background experimentally needs vertex detector for help, thus those experimental events of the doubly heavy hadrons, which have Lorentz boost not great enough, have to be cut away due to that they cannot be distinguished from the background etc.
• To study the doubly heavy hadrons at an e + + e − collider, only when its collision energy set at Z-pole with strong resonance effect, is practicable. When the collision energy deviates from Z-pole, the production cross sections decrease rapidly: when the collision energy deviates from Z-pole by 5 GeV, the cross sections decrease just to about 10% of those at Z-pole; when collision energies at 180 GeV and 240 GeV, the cross sections of B c meson production become too small (in f b) to be observed.
• There are obvious backward-forward asymmetry in doubly heavy hadron productions. The backwardforward asymmetry comes from the parity violating in these processes involving the Z 0 exchange. In the productions of doubly heavy hadrons at Zfactory, the main contribution comes from the Z 0 exchange, so the backward-forward asymmetry is very obvious. This interesting property is observable at Z-factory.
• After summing the leading logarithm terms through the DGLAP equation, we obtain the energy distribution which is different from that obtained from the complete QCD calculation. Namely it predict more doubly heavy hadrons produced with lower energy fraction after evolving the scale to m Z in comparison with the prediction of the complete QCD prediction.
